Introduction
This work concerns nonlinear singularly perturbed parabolic equations. In applications, these problems may be interpreted as models of reaction-diffusion and reaction-diffusion-advection processes in chemical kinetics, astrophysics, biology, etc. These parabolic equations solutions often feature a narrow boundary layer region of rapid change as well as internal layers of different types (stationary internal layers -contrast structures, moving internal layers -fronts and moving spikes). It is well-known that such problems are extremely difficult for a numerical treatment as well as for asymptotic investigations and it needs new asymptotic methods to investigate them formally as well as rigorously (see the papers [1] - [4] and references therein).
In order to construct the formal asymptotics of solutions of different classes of problems with internal layers we use our recent extension of the well-known boundary layer functions method. The basic ideas of this approach have been published in the review paper [5] .
Our rigorous investigation is based on the modern development of the comparison principle for elliptic and parabolic problems. The basic ideas of our approach have been presented in the papers of H. Amann and D. Sattinger (see, [6, 7] ) and have got a further development in the works of P. Hess [8] and H. Amann [9] . Their results are essentially based on the Krein-Rutman theorem (see, for example, [8] ) and on the results of M.A. Krasnoselskij on positive operators (see, for example, [10] and references therein).
The results of the present paper are based on the general scheme of the asymptotic method of differential inequalities, the basic ideas of which were presented in [11] . We illustrate this approach by applying it to some new important cases of initial boundary value problems
This reaction-diffusion-advection equation and its variants are used in many applications. For these problems we state conditions which imply the existence of solutions with internal layers. Among others we discuss the following problems: 1. Existence and Ljapunov stability of stationary solutions. 2. Front formation and motion description. Our investigation uses the so-called positivity property of the operators producing formal asymptotics and is based on some recent extensions of the Krein-Rutman theorem. The basic idea of this approach is to construct lower and upper solutions to the problem by using formal asymptotics. Applying this method, we state the existence of solutions, estimate the accuracy of the asymptotics, and investigate the asymptotic stability of the stationary solutions in the sense of Ljapunov.
Another aspect of this work is to emphasize the possibility of using this analytical treatment for numerical approaches. We have shown that the problems describing the location of fronts are significantly more simple than original problems. We use this approach in the paper [12] . To illustrate our approach, we consider the following cases of equation (1): 1. Reaction-diffusion equation
2. Reaction-advection-diffusion equation
Note that we can transform the last equation into the form of equation (1) by multiplying the equation by ε and changing the time scale. The small parameter ε models the fast reaction in case of a reaction-diffusion equation and fast reaction and advection in case of a reaction-advectiondiffusion equation. For the initial boundary value problems to these equations we prove the existence of fronts and give its asymptotic approximation. The motion of fronts in the cases of reaction-diffusion equation and reaction-advection-diffusion equation is determined by the unbalanced reaction and advection term, respectively. The operators producing the asymptotics are different in these cases. Note also that in case of a reaction-advection-diffusion equation it is more complicated to analyze the stability, because the linearized operator is not selfadjoint. In the paper we show how to use comparison technique to analyze Ljapunov stability in that case. Note that our results can be applied to multidimensional problems, but we illustrate it in the one-dimensional case to escape technical difficulties. The results of the work is a further development of the results of the papers [13] - [17] . Note that the results for equation (1) can be extended to periodic parabolic problems and to some classes for nonlocal reaction-diffusion-advection equations.
The paper is structured as follows. In Section 2 we consider the general scheme of our approach. In Section 3 we apply it to a reaction-advection-diffusion equation: in 3.1 we state the stability of the stationary solution, in 3.2 we construct the asymptotics of the moving front. Finally, in 3.3 we give some extensions of our results.
General scheme of the asymptotic method of differential inequalities for reaction-advection-diffusion equations
In this section we describe the general scheme of the developed approach. We consider the initial boundary value problem where ε > 0 is a small parameter, f , h, u 0 and ∂D are sufficiently smooth, B is the boundary operator for Dirichlet, Neumann or third order boundary conditions. We are interested in the existence and asymptotic behavior of the solution of (3) as ε → 0. We start with the description of our approach to investigate the Ljapunov stability of the stationary solutions with boundary and internal layers.
We denote by N the nonlinear operator in (3)
Obviously, the stationary solutions of (3) 
where c is a positive constant. Such asymptotic upper and lower solutions were used in [11] . A similar definition we also use in [18] .
We denote by L the linear operator which we obtain from N by linearizing f at the stationary solution, and by H the following characteristic of the nonlinearity
where L f is the linearization of f at the stationary solution. Suppose we know how to construct the asymptotic lower and upper solutions. Note that one of the most important of our achievements is the method to construct them by using the formal asymptotic expansion. In what follows we describe this approach. Our assumption is (A 1 ). There exist a stationary asymptotic lower solution α and upper solution β of order q and a such that β > α and |β − α| ≤ cε r for x ∈D, 0 < ε ≤ ε 0 .
Assumption (A 1 ) implies the existence of a stationary solution u(x, ε) of problem (3) satisfying the inequalities α ≤ u(x, ε) ≤ β. Therefore we also have the asymptotic estimate for the solution u(x, ϵ). It differs from the upper or lower solution by a value of order O(ε r ) (see Theorem 1). We also assume (
It is clear that the estimates of the assumptions (A 2 ), (A 3 ) depend on the properties of the nonlinearity f and the lower and upper solutions, and therefore on the problem under consideration.
Under the assumptions above the following theorem is valid. Proof. The proof of Theorem 1 is based on the revised maximum principle [9] . From (A 2 ), (A 3 ) it is follows that L(β − α) < 0 (see analogous calculations in [17] ), B(β − α) > 0 by the definition and therefore the principal eigenvalue (which exists and is real, see [9] ) satisfies the estimate λ p < 0. This implies the asymtotic stability of the stationary solution in the sense of Ljapunov. In order to get the upper and lower solutions satisfying the assumptions of Theorem 1 we use the formal asymptotics, which can be constructed in a lot of cases by our method, proposed in [5, 13] . Under quite natural assumptions the formal asymptotics of the internal layer solution is produced by the boundary layer operators L B , the regular expansion operators L R and by the operators describing the location of the transition layer A Γ . To construct the formal asymptotics we assume (or give some sufficient assumptions) that these operators are invertible. We will give some details in Section 3 (see also the papers [11, 13, 14] ). For the construction of asymptotic lower and upper solutions we require that these operators have positive inverse (they are order preserving operators) when they act in the same classes of functions in which we construct the asymptotic expansions by means of these operators.
Using the positive solutions for the producing n-th order formal asymptotics by the operators we get asymptotic lower and upper solutions α ≡ α n , β ≡ β n of order n of problem (3). We illustrate our approach by examples.
Reaction-advection-diffusion equations
In this section we illustrate our approach by considering the reaction-advection-diffusion equations. The aim of this section is to analyze the stability of the stationary solution in subsection 3.1 by applying Theorem 1. Next we consider moving fronts for this problem.
We consider the problem
where A, B, u init are sufficiently smooth functions, u 0 and u 1 are given constants, ε > 0 is a small parameter and T > 0. We state the existence and asymptotic stability of the stationary solution with interior layer. Moreover, we prove the existence of a moving front type solution for the non-stationary problem. We also give the asymptotic approximation of such solutions, particularly we prove that the principal term, describing the location of the moving front, is determined by the initial value problem
where x 00 is the initial location of the front, V (x 0 ) is a known function, defined by the input data (see 3.2). Therefore, in applications, these important characteristics of the partial differential equation (4) can be determined from the ordinary differential equation (5). Problem (5) can be solved significantly simpler than the original one (4). We characterize this approach as asymptotic-numerical. It has been applied in the paper [12] .
Stability of the stationary solutions
This part is an illustration of Theorem 1 in Section 2. The scheme to construct asymptotic lower and upper solution is an extension of the approaches of [11, 13] . Stationary solutions are the solutions of the following boundary value problem
We consider the reduced stationary equation for (6) (7) with the initial condition u(0) = u 0 has the solution u = φ l (x); with the initial condition u(1) = u 1 the solution u = φ r (x), moreover,
We define
(H 2 ). The equation
and
To characterize the location of the interior layer we introduce the point x = x * (ε) as locus of the intersection of the stationary solution u(x, ε) of (4) with the curve
In what follows we construct the asymptotic expansion of x * (ε) in the form
where x 0 is defined by (H 2 ) and therefore is the leading order term to describe the layer location, and x k , k = 1, 2, ..., are constants to be determined. For the following we use the notation
First we consider in D (l) and in D (r) the boundary value problems for the stationary equation (6), where the additional boundary conditions u(x * , ε) = φ(x * ) is used at x = x * (ε). Formal asymptotic expansions of the solutions U (l,r) (x, ε) of these problems are constructed in the form
whereŪ (l,r) and Q (l,r) denote the regular and the interior layer parts. We get thatŪ (l,r) 0 (x) = φ (l,r) (x). By using the standard procedure of the boundary layer function method we can show that the operators L (l,r) R , producing regular parts of the asymptotics, have the form ,r) (x), x) , see e.g. [11, 13] ).
By using the standard procedure of the boundary layer function method we also can construct the boundary layer parts of these expansions. The terms x k in the expansion of x * are determined by the C 1 -matching conditions (see [13] ) of the expansions U (l) and U (r)
We see that in our case A Γ = − ∂I ∂x (x 0 ) and the inequality A Γ δ > 0 has a positive solution according to the assumption (H 2 ).
We denote by U (l,r) n the partial sums of order n of the expansions, where ξ is replaced by
/ε in equation (9), and we denote by U n (x, ε) these sums in the corresponding
In order to construct the asymptotic of (n + 1)-th order lower and upper solution (q = n + 1, see Section 2) we have to add positive solutions of the producing operators to the (n + 1)-th order terms of the formal asymptotic expansion. By this way, we get the existence result and the estimate for the asymptotic expansion. Now, we can check the assumptions (A 1 ) -(A 3 ) of the Theorem 1 from the previous section. By simple calculations (analogous calculations one can find in [13] ) we get p = 2n − 1 (see Theorem 1). Therefore, assumption (A 3 ) (p ≥ q) is satisfied for n ≥ 2. In order to get a better estimate of the region of attraction we take n = 2. Thus, we have the following existence and stability theorem. 
Moving fronts
Now we consider the initial boundary value problem (4) assuming that
is an interior layer type function, and give the asymptotic description of the solution with a moving front. We save the assumption (H 1 ) above. We replace the assumption (H 2 ) by assuming (H 2m ). Let I(x) := 
